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HOMOGENIZATION OF FULLY NONLINEAR ELLIPTIC 
EQUATIONS WITH OSCILLATING DIRICHLET BOUNDARY DATA 
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.^^ , Abstract. This paper deals with the homogenization of fully nonlinear 

second order equation with an oscillating Dirichlet boundary data when 

>0 ' the operator and boundary data are e-periodic. We will show that the 

solution Uc converges to some function m(x) uniformly on every compact 
subset K of the domain D. Moreover, m is a solution to some boundary 

n , I value problem. For this result, we assume that the boundary of the 

.^1^ . domain has no (rational) flat spots and the ratio of elliptic constants A/A 

. ' is sufficiently large. 

^ ', 1. Introduction 

In this paper, we are going to consider the homogenization problem with 
oscillating Dirichlet boundary data. Let D be a bounded domain in R" and 
let Me be the viscosity solution of the following equation, 

(p. Kl^'Mx),l) = f(x,l) inD 

O: ^ '^ \ic,{x) = g(x,l) ondD. 

t:j- I Here f{x, y) is a continuous and uniformly bounded function, g is a C^- 

O ' function in {x, y) which is C^'" for fixed x G D satisfying 



> 

o 



^ 



(1.1) SUp||^(a:,-)|lc2/'(Rn) <00, 

xedD 



and f is a continuous function satisfying the follow^ing two conditions: 

(1) (Uniformly EUipticity) For given any symmetric matrix M and pos- 
C^_' itive symmetric matrix N, there are constants 0<A<A<+oo 

satisfying 

(1.2) AIINII < ¥{M + N,y)- F{M, y) < A\\N\\ 

where || • || is a matrix norm defined by ||M|| = Jl,i<i,j<n M^-. 

(2) (Positive Homogenity) For given any t > and any symmetric ma- 
trix M, 

(1.3) F{tM,y)^tF{M,y). 

We assume that F{M, y), f{x, y) and g{x, y) are periodic in the y-variable, 
that is, F{M, y + k)- F{M, y), f{x, y + k)= f{x, y), and g{x, y + k) = g{x, y) for 
aWM e S, X e D, y e R" and k e Z." where S denotes the set of all n x n 
symmetric matrices. 
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According to [El, if there exists a limit u of Ug, then there are homogenized 
functions F and / which are independent on the y variable and the limit u 
satisfies 

(1.4) F(D2i7) = 7(x) in D 

in the viscosity sense. Moreover, if the boundary data g(x, x/e) does not 
depend on the y variable, then the solution Wg converges to the solution u of 
the equation (|1.4|) equipped the same boundary data g{x) uniformly on the 
X variable. However, because of the oscillation in the boundary data, the 
uniform convergence on D cannot be expected in our case and hence much 
more delicate analysis is needed. 

We say that a vector v e S"~^ - {v e R" : |v| = 1) is rational if tv e Z" for 
some t € R" and that a vector v is irrational if it is not rational. Additionally, 
we call a point x e dD a rational point if its outward unit normal vector 
v(x) is rational. We define a irrational point in the similar way. Finally, we 
say a domain D satisfies the Irrational Direction Dense Condition, IDDC, if 
all but countably many points on dD are irrational. The simplest domains 
satisfying the IDDC is a ball B,-(0), r > 0. The formal definition for IDDC 
can be found in the Section IH 

To exist the limit of lie uniquely, IDDC is necessary. We will give an 
example in Section [7| that fails the uniqueness of the limit if the domain D 
does not hold the IDDC. Further information on IDDC can be found in IILSII 
and llGMH . 

We are going to define the effective boundary data g(x) on dD in Section 
|3]and SectionHl Unfortunately, "g is defined only when x e dD is a irrational 
point. As long as we know, there are no concepts of the viscosity solutions 
with discontinuous boundary data. So, we need to define the following. 

Definition 1.0.1. Let g be a function defined on dD except countably many points, 
g- be continuous functions defined on dD and u- be viscosity solutions of 

^^5^ (FiDMx)) = fix) inD 

\v(x) = g{x) on dD 

when the boundary condition g is replaced by g- respectively where g- are contin- 
uous functions defined on dD. We say v is a (viscosity) solution of the equation 
(|1.5I) in the general sense if v satisfies u~{x) < v{x) < u*{x) in D for any g-{x) 
satisfying g~{x) < g{x) < g'^{x) on {x e dD : g{x) is defined}. 



Theorem 1.0.2. Suppose that Ug is a solution of the equation (PgJ ). Additionally, 
suppose that 

(1) the domain D satisfies the IDDC, 

(2) the equation (P^ is in the stable class for the finite values of the boundary. 

Then "gSx) = 'g*{x)for all the irrational points and there is a function u such that 
Ue, the solution of ( [P7| ), converges to u uniformly on every compact set K c D 
where g* and "g^ are same in the Definition \4:.0.18\ 
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Moreover, u is a unique solution of the following equation 

^^ ^^ tW^uix)) = 7(x) in D 

I u{x) - 'g{x) on dD 

in the general sense where 'g = 'g- 

You can find the definition that ( [P^ is in the stable class for finite values of 
the boundary in Section^ See the Definition |6.0.35[ Heuristically, it implies 
that even if we change the value of g at some finite points, the solution does 
not change. It is obvious in the Laplace equation because the solution can 
be represented as a integral on the boundary and the finite values of the 
boundary data "g at finite points of the boundary is measure zero. However, 
it is not obvious in the Fully nonlinear elliptic equations. We only find the 
sufficient condition in Section [6] but it is open whether the general Fully 
nonlinear equations are contained in the stable class for finite values of the 
boundary. 

Remark 1.0.3. Our argument can he applied if F - F{M, y) depends on the x 
variable. However, for simplicity, we only consider the case when F is independent 
on the X variable. 

In Section |2l we summarize the existence and regularity theory of the 
viscosity solution. In Section|3j we define a corrector, a function on the half 
plain, and investigate their properties. By using the corrector, we define 
the effective boundary data "g and we measure how the solution u^ and the 
corrector iv^ are close in Section IH In section |5l the continuity of "g will be 
discussed, and then we w^ill focus on the proof of the Theorem |1.0.2| in the 
remaining section. 

The existence and uniqueness of a viscosity solution can be found in 
ICILI and its regularity theory can be found in IICCL IIGTII and [LT| . The 
interior homogenization result for fully nonlinear equation can be found |JEl 
in a periodic case, ICSWI , ILSII , and IILS2il in a random one. We also refer 
| |JKO[ for the linear homogenization. The oscillating boundary data for the 
divergence equation can be considered in IGMII and [AL| and the homog- 
enization of oscillating Neumann boundary data can be found in IICKLII 
and IBDLSL In ILSL the authors showed the similar theorem for Laplace 
operator, or operators of divergence type with Green representation. In this 
paper, w^e try to show similar result for nonlinear non-divergence operator 
which require very different approach due to the lack of the representation. 

2. General Facts of the Viscosity Solution 

We say a continuos function u e C^{D) is a viscosity super-solution of the 
equation 

(2.1) F{D\Du,u,x)^fix) 
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in D if there exists a function (p{x) e C^ which is defined some neighborhood 
of xo € D and u - cp has a local maximum at xq 6 D, then 

(2.2) F(DV(xo), Dfixol u{xo), xq) < /(xq). 

We define the viscosity sub-solution in the similar way and we say u is a 
viscosity solution of (|2.1|l if u is a viscosity sub and super solution. 
The existence of viscosity solution is given at IICILL 

Theorem 2.0.4 (Existence and Uniqueness, IICILI ). There exists a unique con- 
tinuous viscosity solution of the following equation, 

(2 3) |f(DVDM,M,x) = /(x) inD 

\u{x) = g{x) on dD 

for any given continuous and bounded function /(x) and g{x) if the operator F 
satisfies the structure condition in IICIH . 

The structure conditions for F can be found at IICILL Becauses of the 
condition 11.21 and the continuity of the operator, we can find a viscosity 
solution of the equation (P^ for each e > 0. 



Lemma 2.0.5 (Comparison, IICILII ). Suppose that u is a viscosity super-solution 
of the equation (12.31 1 and v is a viscosity sub-solution of the same equation. Suppose 
also that u>v on dD. Then we have u>v in D. 

The boundedness of D is not necessary since Theorem |2.0.4| and Lemma 
I2.0.5l holds even for unbounded domains. For example, there is a viscosity 
solution when the domain is a half-plain. We refer IICLVII for details. 

The following results in ICCII w^ill be used frequently in this paper. 

Proposition 2.0.6 ( BCCII ). Suppose that u is a viscosity solution of (|2.1|) in Bi(0). 
Then, 

(1) there exists a constant < y < 1, depending only on the dimension and 
the elliptic constants such that 

(2.4) OSCBi/2(0)W < 7OSCBi(0)M + II/IIl"(Bi(0)), 

(2) and then u is in C"(Si/2) with 

(2-5) ll"llc«(Bi/2(0)) ^ <^ (|I"IIl»(Bi(0)) + II/IIl«(Bi)) 

where < a < 1 and a constant C depending only on the dimension and 
the elliptic constants A and A. 

We note that the domain Bi (0) in the Proposition above can be changed 
to general domain D and B 1/2(0) also can be replaced by K such K c D by 
using the covering argument. In this case, the constant C depends on K and 
D. 
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For M € S" and < A < A, the Pucci's extremal operators, playing a 
crucial role in the study of fully nonlinear elliptic equations, are defined as 



7V(|^(M) = 7Vt+(M) = sup [tr(AM)] 

(2.6) 

M" (M) = 7H-(M) = inf [tr(AM)] 

where J?Ia,a consists of the symmetric matrices, the eigenvalues of which 
lie in [A, A]. Note that for A = A = 1, the Pucci's extremal operators M- 
simply coincide with the Laplace operator. 

Let S{A, A) be the family of all functions u satisfying 

(2.7) M'^iD^ii) > 0, and M~{Dhi) < 

in the viscosity sense. We note that all the viscosity solutions of (|2.H) for 
/ = are in iS(A, A) and all the functions in S{A,A) satisfy the result in 
the Proposition 12.0.61 So, roughly speaking, if u is in S{A, A), then u is a 
viscosity solution of some uniformly elliptic operator in the same class. 

Theorem 2.0.7 ( IICCII ). Suppose that u and v are viscosity solutions of \1.1) . 
Suppose also that F in (|2.1[) is independent ofDu and u variables. Then, 

(2.8) u-veS(A/n,A). 

Hence, the maximum principle and the results in Proposition 12. 0.61 also valid for 
u-v as a viscosity solution of some uniformly elliptic equation. 



The proof of Theorem above can be found in chapter 5 of IICCI . Although, 
in IICCL they considered the case when (|2.ip is independent of the x variable, 
the same proof also holds in our case. 

3. Functions Defined on a Half-plain 

In this section, we define a corrector to describe the effective boundary 
data. 

Definition 3.0.8. 

(1) A vector v e S"~^ is irrational if ^ is an irrational number for some 

1 < i, i < n. 

(2) A vector v € S"~^ is rational if it is not irrational. 

The above definition is equivalent to the definition of rational and irra- 
tional direction in the introduction. We denote "R as the set of all rational 
directions in S"~^ and fR as the set of all irrational directions in S"~^ . Note 
that the number of elements of "R is countable. 

According to BLSYL every irrational vector v has a averaging property. 
The following Lemma is a modification of the Lemma 5.2.2 in MLSYII for the 
uniform distribution. 
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Q'fl(fc') 
K 1 >f 



e K" : J/ ■ y = 0} 



Figure 1. The shape of QUk') and Qr(A:'). 



Lemma 3.0.9 ( IILSYII ). Let Q^ be any cube with side length R > in R""^. 
Suppose that h is a function defined on Q'^ such that 

(3.1) hiy') = aiyi + aiyi + ■■■ + a„-iy„-i 

for some (ai, a2,- ■ ■ , a„-i) e R""^. Denote that 

N(R) = #(Q^nZ"-^) and 

A{6, t,R) = #{m eQ'j^n Z""^ : h{m)/X e[t,t + 6)/Z}. 

If one of ai ( i = 1,2, ■■■ ,n - 1 ) is irrational, then there exists a modulus of 
continuity p such that p(0+) = and 

(3.3) ^^^^^ b < p 



(3.2) 



N{R) 



i)- 



Suppose that Vn ^ 0. Then we may think {y e K" : v ■ y = 0} as a graph 
defined as 



(3.4) 



Vi 

yn = -—1/1 



Vn-l 



■yn-1- 



Let Q^ be a cube in R"-^ x {0} centered at with side length R and Q'j^{k') = 
Rk' + Q^ for each k' € Z''-^ x {0). We also let QR(fc') be a piece of {j/ € R" : 
V y = 0} whose projection to R""^ X {0} is Q^(fc')- 

Lemma 3.0.10. Let Q'^{k') and QR{k') be given as the above for a direction v e 
S"-^. Assume that v e IK. Then, for any fixed 5 > and k' e X"'^ x {0}, 
there exists a constant R, depending only on 6, v and a point y{k') € QR(fc') such 
that \y{k') - m\ < 6 for some m € Z". Moreover, for any given periodic function 
g{y)eC^{W),wehave 

(3.5) \g{y + y{k')) - g{y)\ < \\Vgh^(^^n^6 



HOMOGENIZATION WITH OSCILLATING BOUNDARY DATA 7 

forallyeR". 

Remark 3.0.11. The above Lemma tells us that if v is irrational, then a periodic 
function g{y) is almost periodic on {y e R" : v • y = v • yo}for all t/o ^ ^R"- This 
property is crucial to obtain a homogenized result. 

Proof. For simplicity, we assume that Vn i^ and ^ is ari irrational number. 
Let m e Z"-i x {0} be a point in Q^(A:') and let t = t{m) e [0,1) be the 
fractional part of h(m) = —mi + • • • + ^7^m„_i. 

SetNR = #[X"-^x{0]nQ'j^{k')}andAR = #[me Z"-i x {0} n Q^(fc') : t{m) e [0,6)). 
From Lemma [3.0.9[ there is a modulus of continuity p such that 

(3.6) A,.(i.p(l))N,.^{,.p{l)) 

for any given 6 > 0. Therefore Ar is nonempty if R is large enough. 
Note that the modulus of continuity depends only on the direction v. Fix 
R = R(6, v) > such that Ar becomes nonempty and then choose m e Ar. 
Let m e Ar, y{k') - {m,h{m)), and m - (m,h{m) - t{m)). Then, from the 
choice of m, we have 

(3.7) \tiy)\ = \yik') -m\<6. 

Since m is an integer point and g is periodic, we have 

(3.8) giy + y{k')) = g{y + y{k') -m) = g{y + t{m)en) 
for all y € R" and hence we conclude 

(3.9) \g{y + y{k')) - g{y)\ = \g{y + t{m)en) - g{y)\ < W^ g\\L^(w.n)6. 

D 
Let us consider the following corrector equation, 
ff (D^w, y) = in H(v, yo) 



(3 10) 

\Hy) = giy) on (9H(v, yo) 

where H(v, yo) = {y € R" : v • y > v • yo}. 

Via Perron's method in IICILI , we have the foUow^ing: 

Lemma 3.0.12. There is a viscosity solution of (13.101) satisfying 

(3.11) \w{y)\ < \\g\\L'^(dHiv,yo)y 

Lemma 3.0.13. The solution of (|3.10|) is unique. 

Proof. Suppose that there are two solutions ivi and W2 satisfying (|3.10|) . 
From the Theorem 12. 0.7i Wi - W2 ^ S{A,A). Moreover, since Wi - W2 has 
zero boundary data on dH{v, yo), it should be zero because of the weak 
maximum principle in IICLVL D 

Let us introduce a regularity result for the solution of the equation (|3.10|l . 
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Lemma 3.0.14. Suppose that g{y) in (|3.10|) is periodic, and in C^(n). Then we 
have 

(3-12) Mh.»{H{v,yo)) ^ C||^||c2(n). 

Here n denotes the unit cell o/R" and C is a constant depending only on n, A, and 
A. 

From the maximum principle between iv and ±||g||L°°(n)/ we have \w\ < 
IIS^IlL~(n)- Then the proof of the Lemma above follows the similar argument 
in the proof of Lemma r4.0.24[ Lemma r4.0.25l and Lemma r4.0.26l in Section IH 

Lemma 3.0.15. Let iv\ i - 1, 2, be the solutions of the equation (|3.10|) for yo = 
yi € R" respectively. Suppose that g is a periodic C^ function. Then we have 

(3.13) \w\y) - w\y)\ < C\\g\\cnp)\yi - I/2I 

for all y € H(v, yi) n H{v, yi) where C ;s a constant depending only on n, A, and 
A. 

Proof. Without any loss of generality, we may assume that y2 - and 
H{v, yi) c H(v, y2). Note that for given any y e dH{v, 0), y + yi € dH{v, yi). 
From Lemma [3.0.141 we have 

(3.14) \zu^{y + yi) - g{y)\ = \w\y + yO - w\y)\ = C||^||c2c)|yi| 

w^here y 6 dH{v, 0) and C is a constant same as the Lemma r3.0.14l Moreover, 
since g is in C^, we have 

(3.15) lg(y + yi)-g{y)l<ll^lbc)lyil- 

Now combining two inequalities above, we have 

(3.16) \w\y + yi) - g{y + yi)| < C||g||c2c)|yil 

for every y € dH{v,Q). Now from the Theorem 12.0.71 and the maximum 
principle in IICLVL we can conclude that 

(3.17) \w^{y) - W^{y)\ < Wv^ - W^||L~(<9H(v,yi)) < C||^||c2(n)lyil 

for all y € H(v, yi). n 

For simplicity, we denote IT = 5H(v, yo) and n(f) - tv + YI for positive 
real number t until the end of this section. 

Lemma 3.0.16. Let w solve the equation (I3.10D . Suppose that v in the equation 
(|3.10|l is irrational. Then we have 

(3.18) lim Wf = 

where Wf = oscu(t)W = sup^^ j^^^nw l^^(yi) " ^^(y2)l- 

Proof. We only prove the case when yo = because the general case can be 
obtained by the translation. Let Q^(fc') and Qr(A:') be the same as Lemma 
13.0.101 Fix 6 > 0. Since v is irrational, we may choose R > such that each 
cube Quik') c dH{v, 0) has a point y = y{k') satisfying 
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(1) y = {m,h{m)) for some m e Z""^ n Q^(fc')/ 

(2) the fractional part t{m) of h{m) = j-mi + h ^^m„_i is less than or 

equal to 6 

from Lemma rS.O.lOl 

From the definition of Wt, we can choose points i/i and 1/2 in Y[{t) such 
that 

(3.19) Wt < \w{yi) - w{y2)\ + 6 

for given any 6 > 0. 

We denote y, = y' + iv, y' 6 ^H(v, 0) for i - 1, 2. Without any loss of 
generality, we can assume that y^ e Qr(0) and y'2 € QRik'^) for fixed fc^. 

Note that y = yCA:^) consists of two parts, the integer part m - {m,h{m) - 
t{m)) 6 Z" and the fractional part t{m)e„, < t{m) < 6. Note also that 
y2 - y € dH{v, 0) is contained in the cube Q3r(0). 

Let w{y) = w(y) = w{y - m). Then, from the relation 'y = y - m = 
y - y + t{m)en e H(v, yo) and the periodicity of F and g, id is a solution of the 
following equation, 

(F{D^w, y) = in H(v, yo - f(m)e„) 
\w{y) = g{y) on (9H(v, yo - f(ra)e„)- 

So, from Lemma [S.O.lSi we have 

(3.21) |rU(y) - wiy)\ < CWgiyd 
for all y € H(v, yo). In particular, we have 

(3.22) \wiy2 -m)- zv{y2)\ < Qlgiyd. 

Note that the constant C represents a constant that only depends on n, 
A and A. That constant C could change as the equation changes, but the 
dependences does not change at least in this proof. 

From the Lemma [3.0. 14[ we have |a'(y2 - m) - w{y2 - y)\ < CWgW^jid and 
hence w^e can conclude that 

(3.23) |a;(y2) - wiy2 - y)\ < Qlgiyd. 

Since yi and y2 - y contained in a cube Q3r(0 = Qsr + tv, we have 

Wt < \w{yi) - iu{y2)\ + 6 
(3-24) < jz^yi) - zv{y2 - y)\ + C||^||c26 
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Suppose that 2'"(3R) < t for some m 6 Z. Then, by applying the first 
property in the Proposition l2.0.6l m times, we have 

oscQ3R(f)W < oscB3^(te„)a; < y^oscB,,^,^^iten)W 
(3 25) ^ • • • ^ 7'"oscB2„„(3^,(te„)W 

< 7'"0SCB,(te„)W 

< 2y'"|w|oo 

where y is a constant in (0, 1) depending only on the dimension. Hence we 
have 

(3.26) oscQ3^(f)a; ^2( — I |wU. 

Now by using (I3.24D and ( 13.261 ), we have the following, 

< Wf < \w{yi) - w(i/2)| + 6 
.3 27) ^ oscq3^(0^^ + CllglbS 

<2(— J \iv\o. + cwgiyd 

for sufficiently large t > 0. 

By taking limit infimum and supremum of Wf, we get 

(3.28) 

< liminf Wt < limsup Wf < lim — |wU + C||^||c26 = C||^||c26. 

Since 6 is arbitrary, we get the conclusion. n 

Lemma 3.0.17. Let w{y) he the solution of ( 13.201 ) and v in (13.101 ) is irrational. 
Then, the limit w{y' + tp) exists as t goes to 00 for each y' e H and p e W 
satisfying p -v > 0. Moreover, that limit is independent of the choice ofy' and p. 

Proof. We assume that v - e„ and yo = and the result for general case can 
be obtained by the rotation and translation. We also assume that p ■ v - \. 
Let Mf = sup]-[(js w and let mt = infn(t) w. Then Wt is given by Mt - mt and 

nit < My' + ip) ^ Mf. 

Since w{y) satisfies the following equation. 



F{D^w, y) = in R"-i x {y„ > t}, 
IV - w(ii' + te„) on (9(R""^ x {y„ > t]), 



(3-29) ,... _,.,.,, ..^, _. ,,^„_i 



Mf = sup]pj„-i^, ^^1 r/; and mt - inf]R»-ix|iy„>f| w from the weak maximum 

principle on the unbounded domain R""^ X {y„ > t] (see IICLVI '). It implies 
that Mf is monotone decreasing and mt is monotone increasing and hence 
there exist a* — limf^ooMf and a, = limf^oo nit. From lemma |3.0.16[ a* and 
a, have to be the same and that should be equal to the limit of w{y' + tp). u 
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4. Correctors 

In this section, we are going to consider the corrector equation defined 
as follow, 

(4 J) (F{DW,y)-0 mH{v,yo,e) 

[We = g{xo, y) on dH (v, l/o,e) 

where Xq € dD, i/o,e = Xq/c, and v € S"~^. 

Definition 4.0.18. Let iv^ he the solution of the equation (|4.1|) . Then we denote 

^*(xo,v) = limsuplimsupzi'e(yo,e + tv), 

'g^{xQ,v) - liminf liminf ziie(i/o,e + M- 

e— >0 t— >cx) 

IfY (ind "g^ are the same, then we define 

(4.3) 'g{xo,v) = 'g{xQ,v). 

Example 4.0.19. Choose xq - {t, 1) £ R^, -1 < t < 1 and v = ez- Assume that 

1 

giyi, yi) - cosinyi). If we select a subsequence Cm = — , then yo,e,„ = {2mt,2m) 

and hence g{y) = 1 for all y e H (v, i/o,e)- T'/zz's implies that 1 is a solution of the 
equation (|4.1|l . So, we have 

(4.4) lim H;e„,(yo,e„, + M = 1- 

m—>co 

Since \iVe\ < 1, we have g*(xo,v) = 1. In this way, we can show that 'g^ = -1 by 

1 -, - 

choosing £,„ = -. So g* + g^ in this case. 

We always observe the above phenomena when v is not irrational be- 
cause the hyper plain dH{v,yQ)l'Z]^ is not uniformly distributed in [0,1]". 
However, "gixQ, v) - "gSxo, v) if v is irrational. 

Let f e(M, y) = F{M, y + yo,f ) and ^^(xo, y) = ^(xq, y + yo,e). Then We{y) = 
We{y + yo,e) is a solution of the following equation, 

|F.(DV,y) = inH(v,0) 
\we = ge (xo, y) on dH (v, 0) . 

Note that the estimate (|3.27|) depends only on n. A, A, and WgWc'^- So we 
have the following uniform oscillation bounds. 



(4.6) We t < inf 

' 6>0 



- log2 )' 



:(^) I^U.cilglb* 



Hence the oscillation We^t = oscn(t)iX'e goes to zero uniformly on e, and 
Ue - limf^co iVe{tv) is well defined for each e. 

Lemma 4.0.20. If v is a irrational direction, then the limit ae in the above are 
independent on e. In other words, 'g{xQ,v) is well defined and ae = g{xo,v)for all 
e>0. 
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Proof. Suppose that u>-[ is a solution of the equation (|4.1[) when e - ci and zf 2 
is a solution of the equation (|4.5|l when e — £2. By translating zoi properly, 
we may assume that Wi is a solution of the equation, 

.4 7. JFe^CC^M^i, y) = in H (v, yo,ei - yo,^^) 

1^1 = g€2 {xo, y) on dH (v, yo,ei - y^fj . 

Since v is irrational, by using the similar argument in the proof of Lemma 
I3.0.16[ we can find z = -m + fe„ 6 dH (v, yo,ej - yo,e2) where m e Z", t 6 [0, 6) 
for given any 6 > and e^ is the n-th member of the standard coordinate 
basis of R". 

Note that if y - m e H(v, yo,ej - y^ez) then y e H(v, yo,ej - yo,e2 + "^) ^rid 
H{v,yo,€i - yo,e2 + m) = H{v,z + m) = H{v,ten). Hence w(y) = Wi(y - m). 
satisfies the following equation, 

(Fe, (D^zU, y) = in H (v, ten) 
\w = ^£2 (^0, y) on ^H (v, te„) 
Now apply Lemma [S-O-lSl to obtain 

(4.9) \wiy) - W2{y)\ < cwgixo, Ollc^oS 

if y € H(v, 0) n H(v, ten) where C is a constant depending only on n, A and A. 
Choose s large enough and substitute y = sv. Then we have 

(4.10) \ivi{sv -m)- W2{sv)\ < C\\g{xQ, ■)\\c2(a)^- 

Because of Lemma [3.0. 17[ wi{sv - ra) — > a<rj as s — > 00. So we can have 
the following by taking limg^oo on both side to the equation (|4.10|) . 

(4.11) K-a.J<C||g(xo,-)lbc)6- 

Since 6 > can be chosen arbitrarily small, we get ag^ - ae^ and this 
exactly implies the conclusion. D 

If F is the Laplace operator, then we can describe the homogenized op- 
erator "g by the average of g. So, we can recover the result in IILSII for the 
Laplace operator through our method. 

Proposition 4.0.21. Suppose that F{M, |) = aijMijfor some constant matrix (ajj). 
Then, ^(x, v) = (^)(x) = j^^^^^,, g{x, y)dyfor all v e 1%. 

Proof. Fix xq £ dD and e > 0. Assume that ge{xQ, y) and H(v, 0) are defined 
the same in (|4.5|) and We{y) is the solution of the equation (|4.5|) . 

Let QR(y) be a cube in 5H(v, 0) centered at y e dH{v,Q) with side length 
R. Suppose that QR{y) is divided into disjoint cubes [Q] with side length 
6 > and y' € Qniy) are centers of Q. Let us define 

(4.12) G^iy) = ^ y geixo, yW^ and Gj,{y) = f g,{xo, y)doy. 

'^ i JQdy) 
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Since geixo, •) is uniformly continuous on the y-variable, G^{y) converges to 
Gr(i/) uniformly on y € dH{v, 0) as 6 — > 0. 

Sincef is independent on the J/ variable and linear, W^(i/+fv) = — — - y ^ We{y'+ 

i 

tv)6"~^ is also a solution of the equation (14.51) with boundary condition Gi^(i/) 
where y € dH{v, 0) and t > 0. Moreover, since G^j^(y) converges to Gr(i/) uni- 
formly, W^ converges to WR{y), the solution of (|4.5|) when the boundary 
condition is Gr{i/), uniformly and satisfying 



(4.13) ||W« - Wr|L»(h(v,o)) < \\Gi - Gr||i.»(5h(v, 



0)) 

because of the maximum principle in |CLVJ. 

Since v is irrational, from Lemma [3.0.171 a^ = limt^oo iOe{y + tv) is well 
defined and independent of the choice of y e dH{v, 0). Moreover, W'^{x + tv) 
is just a finite sum of lo^iy' + tv), Ue = limt^co W^{x + tv). 

Finally, from ( |4.13|) and the uniform convergence of G^, we have 

\ae- lim WR{y + tv)\ = lim \ae - WR(y + tv)\ 

< lim (la, - W'^iy + tv)\ + |W^(y + tv) - W^iy + tv)\) 
(4.14) < lim \ae - Wl{y + tv)\ + |G^(y) - GR{y)U 

t — >oo 

< \Giiy) - GR{y)\o. 



as 6 ^ and hence 

(4.15) ae = lim WR{y + tv). 

t — >oo 

Assume that GR(y) converges to {g) uniformly. Then by using similar 
argument in the above, we can show that a, = limt^co W(y + tv) where W 
is the solution of l|4.5|) when the boundary condition is a constant function 
(g)(xo) and since the boundary data is a constant, V^iy) should be equal to 
<g)(xo) in H(v, 0). Hence we have a, = {g){xo) for all e > and g(xo,v) = 

{g){xo). 

Now we will prove the uniform convergence of GR(y). For the simplicity, 
we assume \g\oo + |Vg|oo < 1- For fixed 6 > 0, we can choose Rq > Q such 
that the plane (9H(v, 0) is represented as a union of disjoint cubes QrqQ^') 
defined same in Lemma [3.0.101 and each cube has a point y{k') such that 
\g{y + W)) - g{y)\ ^ 6 for all y € dH{v, 0). 
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Suppose that i/i and 1/2 are in dH{v, 0) and |i/i - yil ^ 3nRo ^ K. Then, 



|Gj?(yi) - Gr(i/2)I < 



(4.16) 



< 



2\Qr{iJi) \ QRiy2)\n- 



giy)do 



c{n)R 



n-2 



R"-i 

Ro ^ c(n)Ro 



- K"-i - R 

where | • \n-i is a measure on dH{v, 0) reduced by the Lebesgue measure in 
W and c{n) is a constant depending only on the dimension n. 

Choose y-[, 1/2 in dH{v, 0). Without any loss of generality, we may assume 
that yi 6 Qro(O) arid y2 e Qro(^') for some k' e Z""^. From the choice of 
Rq, we can find y e Qro(A:') such that \g{y + y) - g(y)| < 6 and, in particular, 
\g{y + yi + y) - g{y + yi)| < 6 for all y e ^H(v, 0). Moreover, since yi e Qro(O) 
and y e Quf^ik'), we have 

(4.17) lyi + y-y2l<3nRo. 

Combining those, we have the following, 

|GR(yi) - GR(y2)| < |GR(yi) - GR(yi + y)| + |GR(yi + y) - GR(y2)| 



(4.18) 



f giy¥a - \ g{y)do 

jQRiyi) JQR{yi+y) 

^f \giy)-giy^ypo.'-^ 



+ \Gr{iji + y) - GR(y2)| 



<6 + 



c{n)Ro 
R 



Hence, if R is large enough, then |GR(yi) - GR(y2)| < 26. Finally, since 
Gr(0) converges to {g)ixo), we can conclude that 

(4.19) |GR(y) - {g){xo)\ < |GR(y) - Gr(0)| + |Gr(0) - <^)(xo)| < 36 

w^hen R > is sufficiently large and since the choice of R is depending 
only on Rq and the convergence speed of Gr(0), GR{y) converges to {g}{xo) 
uniformly on y € dH{v, 0). D 



Remark 4.0.22. The Proposition \4.0.21\ hold if y - (21,22), zi e R'" and zi e 
R""'", Uij is a function on the variable z\ and g is a function on the 22 variable. The 
main idea is similar to the proof of Proposition \4.0.21\ The only differencs is that 
we integrate the solution along 22 axis. 

We omit v of ^(xq, v) if xq e dD and v is the same as the inward normal 
vector -v{xq) of D. In other words, ^(xq) = "gixQ, -v(xo)). As we proved, if v 
is irrational, then ^(xq) is well defined. 

Definition 4.0.23. The domain D satisfies the irrational direction dense condi- 
tion(IDDC) if the size of the set {x € dD\v{x) € */?) is countable. 
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As we told in the introduction, there are lots of examples satisfying the 
IDDC. C^ domains whose boundary has nonzero Gaussian curvature, balls 
as a example, satisfies IDDC. 

Now we are going to show that u^ gets closer to lu^ after blow^-up near 
the C^ -boundary dD. Note that the scaled function Ue{y) - Ue{ey) satisfies 
the follow^ing equation 

\Ueiy) = g{ey,y) ond(e-'D) 



from ( I1.3I I. 

We will show that the uniform boundedness of ||fie(-)|Ui,„. _i™. First, 
let us show the uniform boundedness of ||LZe(-)llci'«(e"^D) by summarizing 
known results. 

Lemma 4.0.24. Suppose that v is a viscosity solution of 

^F{D\x) = f{x) mB+(0) 



^ ' ' '- ~ ondB+iO) 

where B^(0) is a half ball and g e C^{Bi (0)). Then, we have 

(4.22) ll^llci'«(Bt/2(0)) ^ C (||/||l~(b-(0)) + \\g\\cHB-m) 

where C depends only on n, A, and A. 

One can find the above boundary estimate of viscosity solution at BLTII or 
it can be proved directly by the odd extension of the function v = v — g on 
Bi(0) and the interior estimate of the viscosity solution in IICCL 

Suppose that dD is in C^. Then, by using the domain straitening map O 
in the appendix of IHI, we have the following. 

Lemma 4.0.25. Let vbe a viscosity solution of the following equation. 

(4 23) (FiD\x)^f{x) inD 

\v{x) = g{x) on dD. 

Suppose that the C^ norm of dD is sufficiently small. 

Then there is a constant < ro < 1 and for x e dD we have 

(4.24) My,a^Br,{x))nD) ^ C (ll/llL~(BiWnD) + \\g\\cHB^ix)ndD) + ll^llL»(BiWnD)) • 

Moreover, the constants ro and C only depends on n. A, A and the C^ norm ofdD. 

Since we exactly know the formula O, we can find such a ro by the 
calculation. 

From the above lemma, the interior estimate of the viscosity solution in 



| CC[ and the proper covering of the domain, we have 
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Lemma 4.0.26. Suppose that v is solution of 

(F{D^v,x) = f{x) inD 



(4.25) 

\v{x) - g{x) on dD, 

and the C^ norm ofdD is sufficiently small. Then, v e C^'^{D) and we have 

(4.26) Ibllcvv(D) < C (||/||l»(d) + ll^lb(D) + II^IIl»(d)) 

where C depends only on n, A, A and the C^ norm ofdD. 

Since \Ue\ < C||/||oo + IIS'IU, \Ue\ is also bounded by the same constant 
C||/||oo + llg'lloo where C is a constant depending only on n, A, A and the 
diameter of D. Now let us apply Lemma |4.0.26l to the solution Ug of equation 
KM to obtain 

(4.27) ||!Je||^i,„(^_i^) < C(||/(x,1/)||i.»(DxR«) + \\8ix,y)\\c2^DxlR"))- 

Note that the constant C only depends on n, A, A, and D. In this way, we 
can show the uniform boundedness of We. 

Lemma 4.0.27. Suppose that Ue is the solution of the equation (|4.20|l and w^ is 
a solution of the equation (|4.1|) . Suppose also that e is sufficiently small. Then ive 
have the following estimate, 
(4.28) 

\\Ue\y.«^e-W) + ll^elb«(H(v,j/o,.)) - ^ (ll/(a^, y)llL»(DxR") + II^C^^, y)lb(DxR")) 

where C is a constant which depends only on n. A, A and D. 

For given xq 6 dD, let yo,e = ^ and H{v, yo,e) = {y e R" : y • v > yo,^ • v} 
where v = -v(xo) is the inward normal vector at Xq. Consider the small 
ball B/,p{xo), < p < 1. Let iVe be the solution of (|4.H) . Then the difference 
between Ue and w^ on d [£~^Dj n B^p-i (yo,e) vanishes as f ^ if 2p > 1. 

Lemma 4.0.28. Let Ue be a solution of Equation (|4.20|) , xq e dD, and let We is a 
solution of (|4.1|) for given fixed xq and v - -v{xq). Then, we have 

(4.29) I Ue{y) - We{y)\ < Ce^P-i on d [e-^D n H (v, yo,,)) n B,,,-i (yo,^) 

for all y € d\e~^D\ n B^p-i (yo,e) and for all < p < 1 where C depends only on 
n. A, A and the C^ norm ofdD. 

Proof. For the simplicity of the calculation, we assume that v = e„ and the 
general result can be obtained by a rotation. Since dD is in C^, dDoB^p-i (yo,e) 
is contained between two hyperplanesCie^P~^v+(9H(-v,yo,e) andCie^P~^v- 
dH{-v, yo,e) where Ci is the constant depends only on the C^ norm of the 
boundary dD. Fix y e d\e~^D nH{-v,yoM n B^p-i (yo,?)- We first assume 
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that y e dle'^Dj. Then, from the estimate (I4.28I ), we have 

\Ueiy) - iveiy)\ = \gi6Xo, y) - We{y)\ 

(4.30) < \g{exQ, y) - We{y')\ + \we{y') - We{y)\ 

= |g(ey/ y) - gie^o, y')\ + |we(y') - ^Veiy)\ 

where y' be the orthogonal projection of y to the hyper-plane dH{-v, yo,e)- 
Since \y' - y\ < Cie^^~^ and \(ey, y) - (exo, y')\ < C2e^P~^, we get the result 
because of the regularity of g and Lemma (|4.0.27|l . For y e dH{-v, yo,e), the 
conclusion comes from the similar argument. D 

Lemma 4.0.29. Let p and q be constants satisfying ^ <p < q < 1. LetQ' be a cube 
on dW~^ centered at the origin with side length eP~^ and let Q - Q' y^ (0,eP"^). 
Suppose that h+ are the solutions to the following equation, 

iM-{D'^h±) = inQ 

(4.31) |/2± = onQ' 

[/r± = +1 on dQ \ Q. 

Then, 

(4.32) I|/2±IIl~(b^_,.i(0)) < Ce-'-P 
where C is a consatant depending only on the n. A, and A. 
Proof. Consider the following equation 



(4.33) h^{x) = 

eP 

where A and A are elliptic constants in (|1.2|l . By the direct calculation, we 
can check that M'^{D^h+) < and h+ > 1 on dQ. That implies h+ > h+ in 
Q from the comparison. In the similar way, we can show that -h+ < h-. 
Hence we have the following, 

(4.34) INlL^(B^,.,(0))<ll?^llL~(B^,.,(0))<Ce" 

w^here C is a constant depending only on the n, A, and A. D 

Lemma 4.0.30. Let Ue be the solution of Equation (14.201) and let We be the solution 
of (|4.1|) . Then, for ^ <p < q <1 satisfying 2p - 1 < q - p, we have 

(4.35) \\UAy) - -.(y)|L»(.-..nH(-v,,o.)nB,,,(,o,,) ^ ^e^'-' 

where C depends only on n. A, A and the C^ norm of dD and v = -v(xo) is the 
inward normal vector at xq. 

Proof. We assume that xq = and v = e„ without any loss of generality and 
the result for general xq € dD and v can be obtained by a translation and a 
rotation of the domain. Also, we ignore the term £^f{ey, y) in the equation 
(|4.20l l because the size of error is o{e). Let Q be a cube same as in Lemma 
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14.0.291 Let v ^ Ue - iVe- Note that from ||CCl, ^ e S{A,A) that means v 
is a solution of a uniform elliptic operator with elliptic constant A and A. 
In addition, from Lemma 14.0.281 and from the fact that \U\ + \w\ < 2\g\oo, 
\v\ < 2|g|oo on dQ \ Q' and \v\ < Cie^P"^ on Q' where Ci is a constant which 
is the same in the proof of Lemma [4.0.281 Note that the function 

(4.36) v^{x) = +Cie2p-i + 2\g\^h^{x) 

be a (viscosity) super- and sub-solution respectively where h+{x) be func- 
tions defined same in Lemma r4.0.29[ Moreover, because of the definition of 
v-,V- <v<v+ holds on dQ and hence the following holds for all y & Q, 

(4.37) v-<v <v+ 

and it implies the conclusion. D 

5. The Continuity of g 

We denote zve{y; xq, v) if it is a solution of the equation (|4.H) for a point 
xq e dD and a direction v e S"~^. Additionally, zVe{y;xQ) is defined by 
Weiy, Xq, —v{xq)) where v{xq) is a outward normal vector of D at a point 
Xq. We apply the same notation convention to the effective boundary data 
g(xo, v) hence g{xo) = ^(xq, -v(xo)). 

The goal of this section is to show the continuity of g. As we mentioned 
in the previous section, "g is well defined when v{x) is irrational. 

Proposition 5.0.31. 'g{x, v) defined the same as in the Definition 14.0.181 is con- 
tinuous on dDx{v e S"~^ : v e IK}. 

For a given direction vq € S"~^, the hyper-plain dH{vQ, 0) is well defined 
and it can be represented as a union of disjoint cubes QrQ<-' ,vq), k' € Z""^ 
with radius R. According to Lemma r3.0.10[ for each irrational vq 6 S"~^ and 
6 > 0, There exists a constant R > such that each cube QR{k') has a point 
y{k' , v) satisfying 

(5.1) \g{xo, y + y{k', v)) - g{xo, y)\ < 6 

for all y &W. The following lemma tells us that, for given any vq, we can 
choose R independently on the choice of v in a small neighborhood of vq. 

Lemma 5.0.32. Suppose that vq is irrational. Then for given any 6 > 0, there 
exist a constant R, a neighborhood B,j(vo) n S"~^ o/vq, and a family of mutually 
disjoint cubes {QR{k',v) : k' 6 Z""^,v € B,j(vo) n S"~^}, satisfying 

(1) each cube Qr(A:',v) has side length R, and 

(2) [Jk'eX'-^QR{k\v) = H{v,0), 

such that, for each given v e B,j(vo) n S""^ and k' € Z""^, there is a point 
y{k',v) € Qr(A:',v) satisfying \y{k',v) - m\ < 6 for some m € Z". 
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Proof. For simplicity, assume that |V^| < 1 and {vo)„ > 0. Since we will 
choose 7] small, we may assume that v„ > ^^ for all v e B^(vo) n S""^ So, 
5H(v, 0) can be represented as a hyperplain 

(5.2) y„=h{y,v) = yi y„_i. 

Let Q^(fc') = fc'R + Q^ where k' e Z"-i x {0} and Q^ is a cube in R"-i x {0} 
centered at the origin with side length R. Then, for given any m e (Z"~^ X 
{0})nQ^(/c'),welet 

(5.3) t{m, v) - the fractional part of h{m, v). 

Since vq is irrational, from Lemma |3.0.9[ t{m, vq) is uniformly distributed 
on ]R/Z, and hence we can choose Rq such that for any interval I in R/Z 
whose length is equal to 6/3, there exists m{k') € Q'(fc') n Z"~^ x {0} such 
that t{m, Vq) e I for each k'. 

Let c(A:') = /i(A:', v) - /z(fc', vq) for given v. We choose i] > small that 

(5.4) |/j(y^v)-%,vo)-c(/c')|<^ 

for all y' € Q^^ (/<:') and v € B,,(vo) n S""^. 

Let I — —c{k') + (6/3, 26/3) € R/Z and consider the following representa- 
tion 

(5.5) h{m, v) = {h{m, v) - h{m, vq) - c{k')) + {{h{m, vq) + c{k')) . 



From (|5.4|l , {h{m,v) - h(m,vo) - c{k')) is less than equal to 6/3 and, from 
the choice of m, the fractional part of {{h{m,vo) + c{k')) is between 6/3 and 
26/3. So, the fractional part t{m, v) of h{m, v) is less than equal to 6 < 1. 

Now choose y{k' , v) - (m, h(m, v)) then we are done. n 

Lemma 5.0.33. Suppose that We{y;xo,v) are the solutions of the equation (|4.1|l . 
For any 6 > 0, there is a constant fo > such that, ift > to, then the estimate 

(5.6) \Weiy' + tv; xo, v) - g{xo, v)| < C||^||c26 

holds for all y' e H{v, 0) and for all irrational v contained in B,,(vo) n S"~^. Here, 
1] is chosen same in the Le7nma \5.0.32\ C is a constant depending only on n, A and 
A, and to is a constant depending only on n. A, A, the radius i], the direction vq 
andb . 

Note that the constant to does not depend the choice of v. 

Proof. From the maximum principle, we have that 
(5.7) 

min We{y' + tov;xo,v) < \We{y' + tv;xo,v)\ < max Weiy' + tov;xo,v) 

y'edH{v,yo,e) y'edH(v,yo^) 

for all t and to satisfying t > to. Hence we have 

(5.8) min iVeiy' + tov;xo,v) < g{xo,v) < max iVeiy' + tov;xo,v). 

y'edH{v,yo,e) y'e5H(v,i/o,e) 



20 KI-AHM LEE AND MINHA YOO 

By combining i5.7^ and (|5.8|) , we have 

(5.9) max \iVe{y' + tv; xq, v) - g{xo, v)| < oscYedHiv,yoe)^eiy' + ^ov; xq, v) 

y'edH{v,yo,e) 

if t > to. 

Choose 7] same in the Lemma I5.0.32I Then, from above and from the 
inequality (I3.27D in the proof of Lemma [3.0.161 the inequality 

(5.10) My' + M-f(^o)l<2(— j Neo + C||^||c26 

holds for all v € B,j(vo) n S"~^ where y and C are constants same in the 
inequality (|3.27|) and R is a constant same in the Lemma r5.0.32[ By choosing 
^0 = 3R6^^ '°82 y\ we get the conclusion from the fact that \w\oo < WgWc^ ■ □ 



Lemma 5.0.34. For a periodic function g, a direction vq, and a constant t > Q, 
there is a neighborhood B,)(vo) o/vq € S""^ such that ifv € B,,(vo) n S""^, then 

(5.11) \We{tv; Xq, v) - We{tVQ- Xq, Vq)\ < C||^||c2(n)6 



where w{y; xq, v) is the solution of the equation (|4.1|) and C is a constant depending 
only on n, A and A. 

Proof. Let Qm(0) be a large box of R" centered at the origin with side 
length M > lOf. For given any b, we choose ?] so small that \Wg{y;XQ,v) - 
We{y;xQ,VQ)\ < 6 if y e Qm(0) n (9(H(i',0) n H(vo,0)). Note that as long as M 
is chosen, we always find such a ?] because of the regularity result in the 
Lemma IMH 

For a given t > Q, there is a large M such that 

(5.12) \TVe{tv; Xq, v) - We{tv; Xq, Vq)\ < 26 

from a similar argument as Lemma [4.0.291 

By choosing ?] < bjt, we have |fv - fvo| < 6. From this and from the 
Lemma [3.0.14[ we have 

(5.13) \We{tv;xQ,VQ) - We{tvQ;xQ,VQ)\ < C||^||c2(n)6 

and then, we get the conclusion by combining above two inequalities. n 

Proof of Proposition 15. 0.31 1 For fixed direction v and xq 6 dD, let w{y) = 
w{y; Xq; v) be a solution of the equation (|4.1|l with i/o,e = 0. Because of the 
Lemma [4.0.20[ we have 

(5.14) lim w{tv; Xq,v) - g(xo, v) 

t — ^oo 

as long as v is irrational. 

From the assumption \\.\) , it follows that 

(5.15) sup \g{xi, y) - g{x2, y)\ < \\g\\c^ \xi - X2\ 

y 
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for any xi and x^ e dD. Hence, from the maximum principle in [CLV[ . we 
have 

(5.16) \w{tv;xi,v) - w{tv;x2,v)\ < ||g||ci|^i - ^2! 

for all t > 0. The conclusion comes by taking f — > 00. 

Secondly, fix a point Xq and 6. We also fix a irrational vq. Then, from 
Lemma |5.0.33[ there exists a constant j]i and ^o such that 

(5.17) \wSv; xq, v) - g(xo, v)| < CWgWcib 

holds for all t >tQ and for all irrational v £ B^^{vq) n S"~^ where Wfr{y;XQ,v) 
is the solution of the equation (|4.1|) . 

Now by applying Lemma r5.0.34| when t — to, there is r]2 > such that if v 
is irrational and satisfies v € 5,^2(^0) ^ S"~\ then 

(5.18) |w(^ov; xo, v) - w{tovo; xq, vq)\ < C||^||c2(n)6 

holds. Choose 1] - min{?]i, i]2] Then the following holds for all v € B,j(vo) n 
c«-l 

(5.19) 

\g{^o,v) - ^(^o,vo)| < \g{xQ,v) - w{tv;xQ,v)\ + \w{tv;xQ,v) - w(tvo;xo,vo)| 

+ |?x;(fvo;xo,vo)-|(xo,vo)| 
< C||^lbc)6. 
Here C is a constant depending only on n, A and A. So it is continuous. D 

6. The Effective Solution 

We find a Effective Boundary Data "g in Section HI and we showed that 
"g is continuous on dD \ [x : v(x) e H} in Section |5l Nevertheless it could 
be discontinuous on dD. As long as we know, there is no concept of the 
viscosity solution when the boundary data is not continuous. That is why 
we define the generalized concept of the solution of the equation (|1.6I >. 

Let D = {(x',x„) e M" : |x'p + (x„ - 1)^ < 1}, g{y) = cosy„ and Ug is the 
solution of the follow^ing equation, 

^^ |At/,(x) = inD, 

By the calculation, we obtain 

( 1, if^ = (0,0), 

g{x) - I undefined, if x = (0, 2), 
I 0, otherwise 

From the result in |LSL m? converges to uniformly on every compact 
set. However, because of the Lemma [4.0.30[ we have 

(6.2) |u,(0, e'?) - WeiO, e"?-!; 0, (0, 1))| = |m,(0, e'?) - 1| < Ce^P-i 

where p, q are constants satisfies the condition in Lemma 14.0.301 It implies 
that Me is very close to 1 near the origin. This example tells us that the value 
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of He in a small neighborhood of a point e dD does not make any serious 
oscillation at the interior. 

Definition 6.0.35. Let xi,X2,--- ,^k be finite points on dD and g„„ m-1,2,--- 
be uniformly bounded and continuous functions on dD supported only on dD n 

\Uii,2,-,k^r,„ixi)] where r^ is a sequence of constants converging to 0. Let b* be 
solutions of the equation 

(^3^ |yW±(D2fc±(x),A,A) = inD, 

{bfnix) = gm{x) on dD 

where h\- is the Pucci operator with elliptic constants A and A. Then we say that 
a Dirichlet problem ( [P^ is in the stable class for finite values of the boundary ifb%, 
the solution of the equation (I6.3D converge to zero for all compact subset K ofD. 

We note that, by using ( I6.2I ) and the Lemma 16.0.431 it can be shown that 
the above condition is necessary to guarantee the uniqueness of the limit Uq 

of Wf. 



Lemma 6.0.36. Suppose that (n - 1)A > A. Then, ( |Pg| is stable for the finites 
value of the boundary. 

When the operator is Laplacian, A/A = 1 hence the condition (n - 1)A > A 
satisfies, but if the operator is degenerate, then (n - 1)A > A cannot satisfies. 
So, this condition implies that the operator is sufficiently uniformly elliptic. 

Proof Let us assume that k = 1, xi - Q and \gm\oa < 1 for all m € Z. 
From (n - 1)A > A, there is a homogeneous solution h{x) = l/\x\", a - 
{n - 1)(A/A) - 1 > 0, of M+. Since g < r^M^) = C/M" and r« /|x|« is a 
solution of Al"*", b'^„ < r"J\x\" because of the comparison. Hence we have 



' m 



(6-4) supfc+ < ,. , ^,, . 

/ "" dist(xi,_K)« 

Similarly, we can show that 



' m 



(6-5) mik„ > - ,. , ,,, 

^ ' K '" dist(xi,X)« 

by using a homogeneous solution -l/|x|'^ of A1~. So,||m* ||l~(k) converges to 
as r,„ converges to 0. 

Now let us consider the case when k > 1. Since we consider the limit 
behavior as r,„ — > 0, we may assume that Br,„(^;) are mutually disjoint. Let 

h\^{x) - r"J\x - Xi\" and h^ix) - Ej^mW- Then we have 

(6.6) M^iD^hn,) < Y^ M'iD^h'J = 0. 

i 

Since it is obvious that b^^{x) < hm{x) on dD, we have b^Cx) < hm{x) in D. So, 
we have 



(6.7) sup bUx) < —, 



HOMOGENIZATION WITH OSCILLATING BOUNDARY DATA 23 



Similarly, we obtain 






(6.8) 




^ 


Liidistixi, Kr 



By combining above two inequalities and the fact that b„,{x) < h'^^{x), we 
get the conclusion. n 

Through this section, we assume that (P^ is in the stable class for finite 
values of the boundary. Let us consider the following equation 

^^9) |f(D2I7(^))=7(x) inD, 

1 u{x) = 'g{x) on dD 

w^here 'g{x) - "gix; -v(x)) is the function defined as in the Definition 14.0.181 
on every irrational point x £ dD. 

It is same with the equation l|1.6|) . We just rewrite it. It is well known 
that the function F and / is well defined. It is also well-known that F is 
uniformly elliptic with the same elliptic constant A and A. So, as long as "g 
is continuous, the above problem is well-posed. 

For simplicity, we assume the the function g in the equation ( [P^ is 
independent on x variable. We note that it does not make any serious 
change of proofs. For given any rational direction v, there is a integer point 
m — {m\, m^, ■ ■ ■ , m„) which is parallel to v such that there are no common 
integer factors oim-[,- ■ ■ m„ greater than 1. Let 

(6.10) Ds = {v € !/? : mi > 1/6 for some z = 1, 2, • • • , n}. 

We note that there are only finite rational directions which are not contained 
in Dj for given 6 > 0. 

If vq £ Dfi, then vq has similar properties that the irrational direction has 
for given 6 > 0. So, we have the following which is very similar to the 
Lemma 15. 0.321 

Lemma 6.0.37. Suppose that vq € D^. Then there exist a neighborhood B^{vq) 
and a constant R > which does not depend on v hut 5 and vq such that for 
any given v € B,j(vo) n S"~^ and k' € Z""^, there is a point y{k',v) € Qr(A:',v) 
satisfying \y{k',v) -m\< 6 for some in e Z" where Qr(A:', v) is defined same as in 
Lemma \5.0.32\ 

Proof. We w^ill prove the case when m^ > 1/6 and the other case can be 
proved by the similar way. Since mi ^ +1, we always find a nonzero element 
among m2, ■ ■ ■ , mn, so we assume also that nt„ + 0. We may represent the 

set{y€R"|vo-y = 0}by 

(6.11) y„ = /2(y ) = - — yi T;-Vn-1. 

Choose R to satisfy Imi < R and choose a sequeqnce of finite integer 
points Zi, i - 0,1,- ■ ■ , mi defined by z, = Zq + iei for some Zq e R""^ x {0}. 
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Because of the choice of R, we may choose all the z, in the cube Q'j^{k',vo) 
for fixed k' e Z""^ x {0}. Let i, be the fractional part of h{zi). Since vq is 
rational, f, are distributed uniformy in [0, 1). So we can find a point Z; such 
that tj < 5 because of the relation mi > 1/6. Now let y(vo, k) - (z,, h{z{i)) and 
m - {zi, h{zi) - t{zi)). Then we get the conclusion for fixed vq. 

The remaining of the proof is quite similar to the proof of Lemma [5.0.321 
so ^ve omit it. D 

Let Ue be the solution of the equation ( [P^ . By the regularity theory of the 
viscosity solution, IICCL we have 

(6.12) l|Me|lci,«(K) < C (||/||l-(D) + Wgk-OD)) 

for some compact K <z D. So, we always find a limit mq such that lie 
converges to Uq uniformly on K. 



Theorem 6.0.38. Let g{y) he function which is same in the equation (jP^I, "gix) = 
"gix; -v{x)) be function defined on {x e dD; -v(x) 6 fR}, and g'^{x) e C^{dD) be a 
function satisfying 'g{x) < g'^{x)for all x in {x € dD : -v{x) € I'R}. Suppose that 
«■*■ is the solution of the equation ( 16.91 ), when the boundary data is g'^{x). Then 

(6.13) Mo <u* onK 

for all compact subset KofD where uq is any limit of subsequence ofu^. 

Note that the other side of inequality also holds, so we get the following. 

Corollary 6.0.39. If there is a continuous function go such that go{x) = 'g{x) 
for all irrational points x € dD, then the solution Ug of (jP^I converges to uq, the 
solution of the equation (16.91) ivhen the boundary data is go, uniformly on every 
compact set K <zD. 

For given any Xq 6 dD satisfying vq = —v{xo) € D5, we let B,j(vo) and R 
is defined same in the Lemma 16.0.371 We note that the size of the cube R 
determines the size of oscillation. See Lemma [5.0.331 or, more precisely, for 
all X 6 dD satisfying v = -v{x) e B,j(vo), 

(3R\^°S2T' 

(6.14) Wtix) = OSCyetv+dH{v,yo,,)We{y}X) < \^ — j |gU + Qlgiyd 

where y 6 (0, 1) be a uniform constant and w{y; x) is the solution of the 
equation (|4.1|) with v = -v(x). 

From the maximum principle, Wt{x) is monotone decreasing as ^ ^ cxj 
and we have 

/3R\log2 7 

(6.15) iVe{yo,e + tv;x,v) < g'{x,v) + Wt{x) < g*{x) + ( — j IgU + C||^||c26. 

From Lemma [6.0.37[ we choose R uniformly on the direction v in a small 
neighborhood B,((vo). So, if we choose r > small enough, we can conclude 
the following. 
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Lemma 6.0.40. Let x be a point on dD satisfying vq = -v{xo) e D5 or vq is 
irrational. Then there exist constants r > and to > which depend only on n, A, 
A, Vq and 6 such that the following inequality, 

(6.16) TVe{yQ,e + tv- X) < -g{x) + Ci||g||c2 6, 

holds for all x e B,-(xo) n dD where v - -v{x) and Ci is constant dependsing only 
on n, A and A. 

The following two lemmas are about the behaviors of 'g, "g* and "g^. 

Lemma 6.0.41. for each xq € dD satisfying -v{xq) e D5, there exists a neigh- 
borhood Br{xo) such that if xi,X2 € Br(^o) (i^^ irrational, then 

(6.17) lg(^i)-^(^2)l<C||^|lc2c)6 

where the constant C only depends on n, A and A. 

The proof of the above lemma is quite similar to the proof of Proposition 
15.0.311 See the last sentence of the proof of Froposition |5.0.3l1 

Lemma 6.0.42. For any rational point xq e dD satisfying v(xo) e D5, 

(6.18) ^"(xo) < limsup^(x) + C26, 

for some constant C2 depending only on n. A, and A. 

Since "g is defined only on the irrational point, lim sup^^^ ^(x) means 

(6.19) lim sup ^(x) 

where Ar - {x e B,(xo) n dD : v(x) is irrational}. 

Its proof is also quite similar to the proof of Proposition |5.0.3ll We only 
give an idea of proof. 

Sketch of the Proof of Lemma \6.0.42\ Because of the definition of g*(xo), we 
may choose a value yo such that iv{y; xq), the solution of the equation (|4.1|) 
with conditions i/o,e = J/o arid v = -v(xo), satisfies 

(6.20) lim w{y' - tv{xo)) = ^*(xo) 

for all y' e dH{-v{xo), yo). So, by comparing w{y; xq) with correctors w{y; x), 
solution of the equation (|4.H) with the conditions xq = x, yo,e = yo arid 
V = -v(x), we get the result. n 

Let De = {x € D I dist(x, (9D) > e^} where q e (1/2, 1). Since dD is in C^, 
dDg is also in C^, and there exists a 1-1 correspondence between dD and dD^ 
if e is small. Let Ze - x-\- e'?(-v(x)) 6 dD^, and define 'ge{oc) - Me(Ze) where Ue 
is the solution of the equation ( [P^ . 
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Lemma 6.0.43. Let Dg, Ze and 'ge be same in the above. Then, for all q e (1/2, 1), 
we have 

(6.21) ||M, - m,||l»(d,) < Ce'?'^ 

where u^ is the solution of the equation ( [P^ , Ue is the solution of 



(6.22) |f (D2ue,|) = /(x, f ) inD 

\ue{x) = ge{x) on dD, 

a- Y(n - 1) - 1, and C is a constant depending only on n, A, A and D. 

Proof. Since dD is in C^, we can find a radius /"q > and for every Xq € dD, 
there exists a exterior ball B with radius r^ and D n B = {xq}. Assume that 
Co = xq + rov is a center of B. Because of the choice of a, we have 

(6.23) h{x) = ^ - ■ — ^-— 

r« |x - Co|« 

is a super-solution of Al"*" in D and /^(x) > on (9D. 
So, we can deduce that 

(6.24) Mze) < uAx) + (i - ^;^) = ..(z.) + (1 - ^ 

for all X edD (or for all z^ € ^D^). 

From ( 16.241 ) and from the fact that Ug + h{x) is a super-solution of the 
equation 06.221 ), we have 

(6.25) ir,(,)<,,(,)^(^__J_ 

in Df because of the comparison. 
Similarly, we could obtain 

(6.26) !!,(,)> „,(,)_(^__J_ 

in Df. Hence the conclusion comes by combining above two inequalities. 

D 

Proof of the theorem 16.0.381 

We first assume that g'^{x) > 'g{x) + a for all irrational point x 6 dD and for 
a positive constant a. If it is true, then we easily deduce the theorem by 
taking a ^ 0. 

For the convenience, we assume that ||5^|Ic2(q) -I- ||5^'''|Il~(<9d) ^ 1- Chosse a 
6 to satisfy {C\ + C2)6 < a/8 where Ci and C2 are constants in Lemma [6.0.40| 
and Lemma [6.0.421 
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Let £a be the set of all rational direction v e S"~^ which are not contained 
in £)g. Since £5 is finite, we can find a constant r, a function h{x), satisfying 

A1+(D2/z)<0 inD, 

h{^) = 1 on yJxe[v{x)e&f,], ^Ir^i^), 

h{x) = ondD\ {yxe\v{x)e6s]' ^iroix)) , 

< ?2 < a/8 in K 



(6.27) 



for given any compact subset KoiD because of the assumption that (PgJ ) is 
int the stable class for the finite values of the boundary. 

For each rational point Xq in dD \ {^xe{v{x)e6t,]> Brg{x)], we can find a neigh- 
borhood Br(xo) such that there exists cq such that if e < eo then 

(6.28) w{ye + el-\x) < f{x) + Ci||g||c2c)6 

holds for all x e B^(xo) because of the Lemma [6.0.401 where v = —v{x) and 
x/e = x/e. Note that only the radius r and eo could be affected by the choice 
of the point x and 6. Additionally, by applying the Lemma 16.0.421 in the 
above equation, we have 

(6.29) w{ye + e'^'^v; x) < lim sup g{x) + (Ci + €2)6 

X^Xo 

for all X € Br{xo). 

We note that the statement in the above is also true w^hen xq is a irrational 
point, because the result in Lemma r6.0.40l holds for given any 6 > and 

(6.30) ^*(xo) = g{xo) = lim sup g{x) 

X^Xo 

if v(xo) is irrational. The latter inequality in (|6.30|l holds because of the 
Proposition |5.0.3Tl 

Now, since dD\{Uxe{v{x)eGt,}f ^ro W) is compact, we extract a finite covering 
among UxiBniXi) so we can choose eo such that (16.291 ) holds for every x in 

dD \ (Uxe{vWe£a)/^r( ^))ife < ^0^ 

Applying Lemma l4.0.30l to (|6.29|) , we have 

(6.31) Ueixo + dv) < CeP+^-^ + lim sup g{x) + (Ci + €2)6 

X^Xq 

where 1/2 < p < cj < 1 are constant satisfying the condition in Lemma 
14.0.301 Hence, if e is small enough, then 

(6.32) Ue{x + e'?v) < lim sup ^(x) + cj/4 < g+(x) - 3cj/4 < m+(x + e'?v) - a/2 

X^Xo 

for all X e dD \ (Uxe{v(x)eei,]fBrg{x)). Note that the last inequality of (|6.32|) 
comes from the regularity of u"*". 
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Let Ue be same in the Lemma 16.0.431 for given Ug. From (|6.32|l and from 
the definition of h, we have 

Ue{x) < u'^{x + e'^v) + h{x) - oil 

(6.33) <,.M+„M+|^-_L_j-„/2 

< g+(x) + /2(x)-a/4 
for all X e dD if e is small. Hence, from the comparison, 

(6.34) Ue{x) < M+(x) + h{x) - a /A 
holds in D where w^ is the solution of the equation 

(6.35, |F(DV.f)=/(.,f) inD 

Note that it is well known that u^ converges to u"*" uniformly on D. See [Ej. 
From Lemma [6.0.431 we have 

(6.36) Ueix) < u+{x) + Ce^" + h{x) - of A 

in Dg. Hence, it also hold in K since K is contained in D^ if e is small enough. 
Now^, take e — > on both side, we have 

(6.37) Mo(^) < u+{x) 

onK. D 

7. Proof of Theorem II. 0.21 

As we discussed in Section [6l as long as the effective boundary data "g 
has a continuous extension, we conclude that the solution Ug converges to 
u uniformly on every compact subset KoiD where u is the unique solution 
of the equation l|1.6|) in the classical sense. In a Laplacian case, we easily 
prove that 

(7.1) ^W = <^)= r giy)dy 

J[0,1]" 
so it has continuous extension. Moreover, in Section IH we give an suffi- 
cient condition to have (|7.1|l . However, it is hard to prove (|7.1|) in general 
situation. So it is still open. In this section, we focus on the existence and 
uniqueness of u even if g does not have the continuous extension as long as 
the condition |6.0.35| holds. 

Definition 7.0.44. Suppose that g{x) is a function defined on dD except countably 
many points. Suppose also that A is a compact subset of dD. We say g is 5- 
continuous for given 5 on A, if for given any xq € A, there exist a neighborhood 
Brixo) such that if xi,X2 6 Br(^o) i^nd g{xi), g{x2) are well defined, then 

(7.2) l^(xi) - g{x2)\ < 5. 
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By using Lemma I6.0.41[ we easily prove that g is 6-continuous on dD \ 
(Ux6jvWe£4|,B,.(x)) for every r > 0. 

Lemma 7.0.45. Let A be a compact subset of dD and g is 6-continuous on A. 
Then, there are continuous functions h- such that h~{x) < g{x) < h'^{x) on A and 
h'^ -h~ < C6 where C is a uniform constant. 

Proof. We will prove the case when A is a subset of R"~^ . Since dD is regular 
manifold, it can be easily extend the case when A c dD. 

Since g is 6-continuous on A, we can find r = r(x) such that if xi,X2 6 
B2r(^o)/ then \g{xi) - g{x2)\ < 6. Moreover, since A is compact, there is a 
finite covering UB,.;(x,), / = 1, 2, • • • , m, of K. Let r = min{ri, ^2, • • • , r,„}. 

Let (phea standard moUifier function whose support is contained in B,(0). 
Let h'^{x) — g * (f) + 8. Since L)B,..{Xi) is a covering of K, we can find a ball 
Briixi) such that x € B^ for any x e A. From the choice of r, Br{x) c B2i;{^0 
and hence if y e Br{0) then 

(7.3) \g{x)-g{x-y)\<6. 
So, we have 

(7.4) g(x)</z+(x)= r gix-y)(p{y)dy + 5<gix) + 26 

Jb,,(0) 

if g{x) is well defined at x € A. In this way, w^e can define h~ satisfying 

(7.5) g{x) - 26 < h-{x) < gix). 

a 

Lemma 7.0.46. Let Kbea compact subset in D. Also, let ^(x) be the function in the 
Definition \4.0.18\ Then, for any given 6 > 0, there are functions h-{x) e C{dD), a 
constant r > 0, and finite subset {zi,Z2, • • • ,z,„} ofdD such that 

(1) r (x) < ^(x) < h-{x) and \h^{x)\ < 3||g||L»c) on dD, 

(2) h+{x) - h-{x) < 26 for every xedD\ (U, Br{Zi)), 

Moreover, ifu-{x) are viscosity solutions of the equation (11.61) when the boundary 
data are h-{x) respectively, then we have the following estimate, 

(7.6) < ||M+(x) - w-(x)||i,^(K) < C6 
where C is a uniform constant. 

Proof. Without any loss of generality, we may assume that ||§^|lc2(n) = 1- As 
we discussed before, there are finite points zi,Z2, •■• ,z,„ such that v(z,) are 
not in D5. Let b{x) be a positive function having value 1 on dD Pi ( U,- Br(z,) j 

and supported in dD n ( U, B^rizi)]. Let v be the solution of the following 
equation 

M^{p'^v)^Q inD, 



\v(x) - b{x) on dD. 
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According to out assumption, the solution of the equation v satisfies 

(7.8) Q<v<b 

on K if we choose r > small enough. 

Since "g is 6-continuous on dD \ ( U; Br(z,) j, there are continuous functions 

h.-{x) that has the same property in the Lemma [7.0.451 By extending prop- 
erly, we may assume that h- e C^{dD) and the difference between h^ and 

h~ is less than C6. _ _ 

Extend h^{x) to the interior of D by using the equation F{D^h) = f{x). Let 

h- - h-{x) ± V. We easily check that h- satisfies the property (1) and (2) in 
the statement. Since /i"*" is a super solution of the equation (11.61 ), we have 

(7.9) hr{x) < u~{x) < M+(x) < /2+(x) in D. 
from the comparison. So, we have 

< \\u^{x) - m-(x)||l^.(j,) < \\h\x) - /z-(x)||i,»(K) 

(7 ^0) < W^{x) - r(x)||i,.(K) + 2\\v\\i^(K) 

<Cb + lb 
<Cb. 

D 

Proof of Theorem \1.0.2\ 

Let h-{x) and u-{x) be the same in the Lemma [7.0.461 when b - 1/z, i e N. 

We let 

H+(x) = min{/7+,/i+,---,?2n' 
(7.11) 

H^ (x) = max{/2^,/22,--- ,/j; }, 

and uf{x) be the solutions of the equation (11.61 1 equipped the boundary data 
Hf{x). 

Since u*{x) is monotone, there is a function u which is defined in K. 
Similarly, we can define u~ . From the fact that i/r(x) < uT{x) < u'^{x) < u'^{x) 
and Lemma [7.0.461 we have 

(7.12) < M+(x) - iqix) < C/i 

for some uniform constant C. Hence we have M~(x) = u (x) on K. 

Let i7(x, K) be the function defined as u{x, K) - u*{x) on K. We easily check 
that if Xi c K2, then u{x,Ki) — w(x, K2) on i<Ci because the barrier function 
when K - K2 also be a barrier when K - Ki. So, m(x) is well defined by 
defining u{x) = u{x, K) where K is any compact set containing x. 

We claim that 77 is a solution of the equation (|1.6|) in the general sense. 
Suppose that y is a solution of the equation (|1.6|) with y > ^ on dD. Then, 
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since uT(x) < "gix) < v{x) on dD for all i, we have u'^{x) < v{x) in D. Hence 
we have 

(7.13) u^u~ <v 

for all compact subset K of D. Hence the above holds for all x e D. Since 
the other inequality comes from the similar argument, u is the solution of 
the equation (|1.6| | in the general sense. Moreover, the uniqueness of the 
solution of the equation (11.61) immediately comes from the estimate (|7.12|) 
Now we are done if we show uq - u. From the Theorem |6.0.38[ we have 

(7.14) M+(X) < Uo{x) < uT{x) 

in some K. So, u{x) - uo{x) on K. n 

As we told before, the IDDC is essential because if the domain does not 
satisfy the IDDC, we cannot expect the uniform limit. The following is a 
typical example for that. 

Example 7.0.47. Suppose that D = {(xi,X2) £ R^ : x^ + (x2 - 1)^ < 1,X2 > 1} 
and g is given same in the Example \4.0.19\ We denote diD = dD n {x2 = 1) and 
d2D - dD \ diD. As we told before, if we choose e = 1/ 2m for some integer m, 
then g{x/e) = 1 on diD. By using the similar argument in the Lemma \4.0.29\ we 
can find a small r] > which is independent on e such that u^ > 2/3 in B,j((0, 1)) 
where Ug is the solution of the equation (P^ when D and g are given by the same in 
the above. Similarly, if we choose e - l/{2m + 1), the Ug < 1/3 in B,,((0, 1)). So, 
Me cannot converges to some function locally uniformly on every compact subset of 
D. 
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